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'nI" ' Abstract 

(N : 

Consider the operator T = — + + q{x) in L^(M), where real functions q, q' and 

^ \ Jq q{s) ds are bounded. In particular, q is periodic or almost periodic. The spectrum 

^ I of T is purely discrete and consists of the simple eigenvalues {/x„}^0) < /^n+i- We 

■ determine their asymptotics /i„ = (2n+ 1) + (27r)^^ q{\/2n + 1 sin0) (i0 + O(n~^/'^). 

(N 

^ ' 1 Introduction and main results 
o 



Consider the quantum- mechanical harmonic oscillator T° = — ^ + on L^(M). It is well 
known that the spectrum of T° is purely discrete and consists of the simple eigenvalues 
fi^ = 2n + 1, n^O with corresponding orthonormed eigenfunctions ip^. Define the perturbed 



operator Ty = —y"+x'^y + q{x)y in L^(M), where q belongs to the complex Banach space B 
given by 

X: i3=|g,g',giGL°°(M):||g||B = sup(^|g(x)| + |g'(a;)| + |gi(a;)|^ <oo|, (Hi^) = ^W^^- 

In particular, this class includes periodic, almost-periodic q. If g G is real, then T is 
self-adjoint, its spectrum is purely discrete, cr(T) = {/i„}^Q and fin = fin ~^ ^(1)' n ^ oo. 
Our goal is to determine the asymptotics of /i„ — fin a.s n^oo. 

For decaying perturbations (e.g. q',xq G L^(M)) a complete inverse spectral theory is 
obtained in [2], At the same time we did not find in the literature any results concerning 
periodic and almost-periodic q. The existing methods (e.g. in 0) cannot be used for q E B. 
Let us number the points of the spectrum so that ^ l/^n+il counting multiplicity. 
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Theorem 1.1. For any q E B the spectrum of operator T is discrete and the following 
asymptotic is fulfilled: 

1 1 1 

/^n = /in + /^n+lkllBO(n-^), = — J g( siii ^9) = || g|| (n" ^ ) . (1.2) 



Remark. For finite smooth q the formula (|1.2p gives = — q{s) ds, which is the 
well-known leading term of asymptotics in this case |2,. 



Proposition 1.2. Let q E B and q{x) = e*^* dult) for some Borel measure dv on M which 
satisfies the condition Cg = J^{1 + di'{t) < oo for some p > §■ Then 

fil = ! MtVx) du{t) = + c,o(n-i), (1.3) 

where Jq is the Bessel function and 

2 f cos(|t|s - f) 



a{s) = \l- / 7. '' d^it). (1.4) 
^ JR \t\ 2 



Moreover, if q has the form q{x) = Xl/tez 9''=^"*''' then 



cris 



5^^cos(.|4| + ^). (1.5) 



kez 



In Section 2 we introduce the quasiclassical change of variable. In this variable we write 
the integral equation for the fundamental solutions. In Sections 3 and 4 we prove convergence 
of the iteration series for the fundamental solutions in the sub-barrier {x > \/|A|) and over- 
barrier (0 < X < \/|Xf) regions, respectively. In Section 5 using these series we derive the 
asymptotics of the Wronskian. In Section 6 using this asymptotics we prove Theorem 11.11 
We prove auxiliary properties of the quasiclassical change of variables in the Appendix. 



2 Preliminaries: changes of variables 

Consider the differential equation 

-y" + {x"^ + q{x))y = Xy, (x, A) G M x C. (2.1) 
We shall show that there exist fundamental solutions iIj± which satisfy the asymptotics 

ij±{x,X) = {±V2x)^e-^{l + o{l)), tp'^{x,\) = -x{±V2x)^e~'^{l + o{l)) (2.2) 

as x ±00 and locally uniformly in A. If g = then these solutions have the form 
tp±{^j ^) = -Da-1 (±a/2x), where is the Weber (parabolic cylinder) functions (see P). We 
introduce the Wronskian {f,g} = fg' — f'g. 



2 



Theorem 2.1. Letq,qie L°°(R). Then 

i) For any A G C there exist unique solutions ip±{x,X) of \2. 1]) with the asymptotics 
Moreover, for each x G M the functions 'ip±{x, ■),ip'^{x, ■) and w = {ip-, are entire, 
a) If q is real, then the operator T = — ^ + x"^ + q{x) has only simple eigenvalues. 

Proof. Consider the function tp^, the proof for ip^ is similar. In order to prove that ^/'^ is 
entire function of A it is sufficient to show that it is analytic in each disc D(yu) = {A G C : 
\X — fi\ ^ 1}, /i G C. For A G D(yu) we have (see [Tj) the uniform asymptotics 

,pl{x,X)=g{x){l + 0{x-^)), ijl\x,X) = ~xg{x){l+0{x-')), x ^ +oo, (2.3) 

where g{x) = {V2x)—e~^. Let h{x,X) = 2^r(i^)(V^° (x, A) - sin | ■ ^° (x, A)); note that 

/i(x,A) = -i— (l + 0(x-i)), h\x,X) = -^{l + 0{x-')), x^+oo, (2.4) 
2xg{x) 2g{x) 

(see PP) uniformly for A G ©(/i), so that {ip^, h} = 1. Define the entire function M{x,y) = 
h{x, X)'ipQ{y, A) — iPq{x, X)h{y, A). Then a solution of 



^{x,X) = ^l{x,X)+lim / M{x,y)q{y)^{y,X)dy (2.5) 

Jx 

solves ()2.H) . We rewrite ()2.5|1 in the form 

p{x,X) = po{x,X) + \im K{x,y)q{y)p{y,X)dy, x > 1, (2.6) 



where 

^{x,X) ^l{x,X) M{x,y)g{y) 

P= — r^, Po = K{x,y) = . 2.7 

g{x) g{x) g{x) 



Let Hq = 2xg{x)h{x, A) and 

ho{x)po{y) 9^{y) s Po{x)ho{y) 

r— — , V[x,y) = 

2x g [x) 2y 



K = u-v, ^(x,y)= °T " n^,y) = ^°^ r (2- 



In order to study Eq. ()2.6p introduce the spaces of functions 

.F, = {/gC([1,oo)): ||/|U= sup |xr|/(x)|<oo}, a G R, 

xG[1,oo) 

and J^a,i3 = {feJ'a:f'e with the norm = + Wf'h, PeR.Bj (Q, for 

A G D(/i) we have the estimate 

Ibollo,! ^c<oo. (2.9) 
Let / G J-'a for some a; G M and u = Uqf . Then we have 

u{x) = -—q{y)f{y)dy=—— po{y)e ^y q{y)f{y)dy. 2.10 

Jx 2x ^^(x) 2x-^ 
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Using ()2.3|) . ()2.4p and the estimate e ^^y'^dy ^ Ce ^^x'^' ^ for x ^ 1 and 7 G M we obtain 

||M||a+2 ^ C||g||oo||/IU, ||m'IU+i ^ C'||g||oo||/IU (2-11) 

uniformly in A G D(/i). Here and below C is some absolute constant. 

Let / G J-'a,i3 for some a G M and /3 > 0. Set v = Vqf. Then integration by parts gives 

.(X) = lim^^^^^:^ 

where the last integral converges absolutely. Using ()2.3H2.4|) we obtain 

\v{x)\ ^ CC.dl/lUx— 1 + Wf'hx-^), \v'ix)\ ^ CC,(||/|Ua;— 2 + \\f'hx-^-') (2.12) 

for X ^ 1, uniformly in A G D(yu), where Cq = \\q\\oo + lki||oo- Thus 

K : J^a,(3 ^ J^a',f3', a' = min{a + 1 , /?} , (3' = mm{a + 1, f3 + 1}. (2.13) 

Consider the iterations Pn+i = Kqpn,n ^ 0. By (j2.9p . we have po G JFg i; using (j2.8p . (j2.1H) . 
(IZT^ and (EIISD, we conclude that 

|bn+l|U„+i,/3„+i ^ C'Cg||p„||a„,;3„, (2.14) 

where ao = 0, Po = 1, 

a2n = «0 + ^, /52n = "0 + 1 + n, a2„.+l = tto + 1 + /^2n+l = + (2.15) 

Using ()2.9p we obtain 

\p2n{x)\ ^ {CCqf'^CX-^ b'2„(x)| ^ (CC,)2'^CX-"-\ 
b2n+l(x)| ^ (CC,)2"+lcX-"-\ bk+l(^)l ^ {CCqf-^'cX-'^-K 

Hence for x ^ Xq = (2CCg)^ the series p{x) = X]n>oP"(^) p'{x) = J2n>oP'ni^) converge 
absolutely and uniformly in A G D(/i); p{x) gives the solution of Eg. p.6|l . Moreover, 

p(x) = 1 + 0(x-^), p'{x) = 0{x"^), x^oo, (2.16) 

uniformly for A G ID)(/i). Therefore ip = gp is a solution of ()2.5|) . By ()2.7p and ()2.16|) . 
satisfies ()2.2|) . For each n ^ and fixed x ^ Xq the iterations p„(x, ■),p^(x, ■) are analytic 
in ©(yu). Hence p{x, ■),p'{x, ■) are analytic in D(/i) for each fixed x ^ Xq. By ()2.7p . '?/'+(x, A) 
and ^/'+(x, A) are analytic in D(yu) for each fixed x ^ Xq. Hence, the solution is also analytic 
in A for any fixed x (see this simple fact e.g. in |lj). Thus il^+{x, A) and 1l^'_^_{x, A) are entire 
functions of A for any x G M. 

Suppose that i'+ix, A) is not unique and denote by 4'+ another solution of ()2.1|) satisfying 
()2.2j) . Then {ip+,ip^} = and therefore these solutions are hnearly dependent. Since they 
have the same asymptotics ()2.2|) . ip+ = 4'+- Thus ip+ is unique. 
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ii) Let A be an eigenvalue, which is not simple. Then there exist solutions ip^ and ip of 
(EH) in L^(R). Note that ^ and ip' are in L°°{R). The asymptotics (Q yields {?/>+, tp} = 0. 
Therefore and ip are linearly dependent, which gives contradiction. ■ 

Theorem 12. II gives no information on high-energy asymptotics A — > oo. To derive those, 
we introduce some notations and auxiliary functions. 

Throughout the paper we use the following agreements: 

• The functions log 2; and = e"'°s^ for a G M take their principal values on C\ M_. 

• For A G C+ \ {0} we set A = \X\e^''^, ^ G [0, f]. 

Define the function (z) = (1 + l-zp)^, z G C. For any interval / C M we introduced a sector 
S{I) = {2; G C : arg^; G /}. Define the function 

^(t) = llv^^ds=^-(^tV^^-iog{t + VW^)y teSi-^,0), (2.17) 

where ^(t) > for t > 1. The function ^ is a conformal mapping from S'(— 1,0) onto 
S = C_ U {Re^ < 0, Im^ G [0, ^)}. The following uniform asymptotics is fulfilled: 



m = 2^-2- + ) J ' \t\^oc, te S[--, 0]. (2.18) 
We introduce the function 

2 2 

fcW=0e(t))', tG5(-|,0), MO) = -(y)'<0. (2.19) 

Note that k{t) is a conformal mapping from 5'( — |, 0) onto the domain JC given by 

^ = ^[-f > 0)[j[ke Si-n, -|] : sini ^ < |A:(0)|} . (2.20) 
By (j2.18|) . the following asymptotics and estimates are fulfilled: 

Ht) = + Oit-')^ teS[-^,0], t(A;)= Qyfci(^l + 0(A:-t)^, k elC, 

(2.21) 

\t'{k)\^C{k)--\ \t"{k)\^C{k)--*, kelC, (2.22) 

where t{k) is the inverse function for k{t). Here and below C is an absolute constant. 

Consider the change of variable x k = k{-^); it maps M+ onto the curve 7a = 

/c(e*''M+). The domain /C and the curve 7a are presented on Fig. [TJ By ()2.1|) . the function 

y^{k,X) = yJ^^pB solves 

l/i'(A;, A) - X^ky^ik, A) = Voik)y^{k, A) + t;,(A;, A)i/i(A;, A), k G 7a, (2.23) 
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Figure 1: The domain /C = A;(S'(— |, 0)) and the curve 7a = fc(e*''M+). 

where 



vo{k)=t'{kf2' 



Vq{k,X) = \t'{k)'^q{Xn{k)). (2.24) 

t=t{k) 



Using (jTTr]l and (fT^ we obtain 

\vo{k)\^C{l + \k\)-^, kelC. (2.25) 
For each A G C+ \ {0} we define the basic variable z = X^k. We have the function 

z{x,X) = Xh{xX-^), AgC+\{0}, x^O. (2.26) 

Each mapping z{-, X) : R+ — > = -2(ffi+, A) is a real analytic isomorphism (see Fig. 12)) and 
see Lemma f7.5l about F^. If A > 0, then F^ = [— As (^) s, cxd) is a half-line. Moreover, 

^0 = ^(0,A) = -Ai (37r/8)^ A G C+ \ {0}. (2.27) 
For any A G C+ \ {0} and ^ Xi < X2 set z„ = z{xn, X), n = 1,2. We define the curves 
Tx{zi,Z2) = {z : z = z{x,X),x G [xi,X2]}, Fa(zi) = Fa(2:i,oo) = {z : z = z{x,X),x ^ Xi}. 
By ()2.23|) . the function u{z, A) = yi{zX^^ , A) solves 

dlu{z,X) - zu{z,X) =V{z,X)u{z,X), V = Vo + Vg, ^ G Fa, (2.28) 

here and below = ^ and Vq (linear in q) and Vq (not include q) are given by 

Vo(zX-^A p'^{z,X)q (y/Xt{zX-^) , . 

Vo{z,X)= \, \ Vq{z,X) = ^-^ ^, p{z,X)^t'(zX-A. (2.29) 

As As ^ ^ 
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Using ()2.22|) . we obtain for A G C+ \ {0} and z G 5'[— vr, |] the estimates 

|p(^,A)| ^ C(^A-i)-5, |a,p(z,A)| ^ |Ari(^A-§)"t, |K.(^,A)| ^ , (2.30) 



lAl 3 + I2; 



2' 



where C does not depend on A and z. 

To analyze (j2.28j) we need well-known properties [I, of the Airy functions Ai and Bi: 
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Ai(z) = — ^ (1 + 0(2"^)) , |z| ^ cx), |argz|<7r-£, Ve > 0, (2.31) 
2 



2iri 



{Ai(z),Bi(2)} = 1, Bi(2) = z|^2e"*3Ai(tu2) - Ai(z)J, = , (2.32) 

Ai(z) = e-*t Ai(zw) + e^tAi(2cJ), Bi(z) = ie-^tAi(zcj) - ie^iAi(zcJ). (2.33) 

Let r C C be a smooth curve. For any continuous function / on F we denote by f[s) ds 
the usual complex line integral. We denote by Jp f{s) \ds\ the line integral of / along F with 
respect to the arc length \ds\ = (dx)'^ + {dyy. For integration along the infinite curve 
Fx, defined above, we use the standard notation p.v.J^^^^^f{s)ds = lim Jj-^(^z^) f{s) ds as 

w^oo,wETj^ whenever it exist. 

We will study the formal integral equation 



M+(2;, A) = ^0(2:) + p.v. / Jo{z, s)V{s, X)u+{s, X) ds, 2 G Fa, (2.34) 

uo{z)=Ai{z), Jo(;z,s) = Ai(s)Bi(2) - Ai(2)Bi(s), z,seC. (2.35) 
We rewrite ()2.34|) in the form 

v+{z) = a{z) + p.v. J{z,s)V{s,X)v+{s)ds, a{z) = Ai{z)e^'^ , z G Fa, (2.36) 



u+{z) = v+{z)e-l'^ , J(z, s) = Mz, s)ei^'^-'^\ (2.37) 

If z < and A G C+, then z^ takes its values on the lower side of the cut. This agreement 
provides continuity as argA | 0, since for A G C+ the curve Fa lies in the lower half-plane. 
By (j2.31|) and (j2.33|) . the following estimates are fulfilled: 

|a(z)K VzgC, (2.38) 

\a\z)\ ^C{z)~^, \aTgz\^7i-e, > 0. (2.39) 
We write (j2.36|) in the form 

v+ = a + 3Vv+, (2.40) 



3 
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where the integral operator J is given by 

[J/](z)=p.v. / Jiz,s)f{s)ds. (2.41) 

The next lemma (proved in the Appendix) gives a splitting of F^. Here and below we fix 

4 1 

5 G (0,-arccos2-3). (2.42) 
o 

Lemma 2.2. For any A G C+ \ {0} there exists a unique point = -z*(A) G T\ such that 

1. if ^ argA < 6, then \zJ = min \z\, 

2. if S ^ argA ^ n, then 2* = Fa fl {2; : argz = — f }■ 

For any A G C+ \ {0} here and below we use z^,, defined by Lemma IT^ We define the 
point a;* by z^, = z{x^:, A) and let t* = ^ and set 

F^ = Fa(^(0,A),z,), F+ = Fa(^*,oo), Fa = F^UF+. (2.43) 




Figure 2: The point z^ divides the curve Fa = F^ J F+ (for A = lAje^^'' G C+ \ {0}). 

Lemma 2.3. Let A G C+ \ {0}. Let h{x, A) = | exp(|2(x, A)i)| /or x ^ 0. Then 
1. if X > 0, then h{-,X) is strictly increasing on [x*,oo) and h{-,X) = 1 on [0,x=k], 
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2. if < arg A ^ tt, then h{-, A) is strictly increasing on [0, oo). 

Lemma 2.4. Let X e C+\{0} and |A| ^ 1. Assume a) z eV^, 5 ^ arg A ^tt or b) z e F^. 
T/ien t/ie following estimates are fulfilled: 



where C is independent of X and z. 



|e-^^|(s)-"|ds| ^ C|e-^^|(;2)-"-^ a G M, (2.44) 
/ {s)-'^\ds\^C{z)-''+\ a^l, (2.45) 



Lemma 2.5. Lei A e C+ and \X\ ^ 1. T/ien the following estimates are fulfilled: 

{C(l-a)-i|A|i(i-°) for ^ a < 1, 
Clog(|A| + l) for « = (2-46) 

C{a - 1)-^ for a>l, 

f \ds\ C 

/ — ^ ^ — J, 2.47 

ir. |A|l + |s|2 |A|i 

where C is independent of X and z. 

3 Analysis of the integral equation 

In this section we consider the integral equation — a-\-iVv+ for large |A| in the following 
cases: i) ^ arg A ^ tt, z e and ii) 5 ^ arg A ^ n, z eT^. Moreover, we give the 
complete analysis for these cases. The case ^ arg A ^ tt, 2; e F^ is treated in the next 
section. 

For A e C+ \ {0} and a, /3 > define the Banacli spaces of functions on F;^: 

T^^ = [f eC{Vl):\\f\\^^sv.^{zr\f{z)\<^\ for |argA|<5, (3.1) 

.F^ = |/eC(FA):||/||a=sup(z)"|/(^)|<ooj for ^^largA^Tr, (3.2) 



= {/ e ■■ f e ll/IU,/3 = ll/IU + Wfh- 



(3.3) 



Evidently JF^ C J^^i and J^^^ C a < a' and [3 < [3' . Now we formulate the main 

result of this section; its proof is given in the end of the section. 
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Theorem 3.1. Let q,qi G L°°{R), and X G C+. Then the equation v+ = Vq + JVv+, 

Vq{z) = a{z), has a unique solution G JF^, for |A|6 ^ 2co(||g||oo + lki||oo + 1); where 

4' 

Cq > 1 is an absolute constant. Moreover, the solution satisfies 

\v4z)\^C{z)-'^, \v'4z)\^C{z)-\ (3.4) 



\v+{z) - Vo{z)\ ^ eC{z)-'^, \v'^{z) - v',{z)\ ^ eC{z)-\ (3.5) 

where e = cq\\\~^ (IklU + IkilU + !)■ 
We have the identity 

, ^ 2 i 27ri Vr , , 

Ai[zujj = 63 a{zuj), CO = e 3 , — vr ^ aigz < —. (3.6) 

o 

Using ()2.32|) . (12.331) and ()3.6p we write the kernel J{z,s), given by ()2.37|) . in terms of a{z) 
and a{ujz). As a resuh we obtain 

J{z, s) = -2ie~'^ [a{z)a{su) - e^^'^~'^'^a{zuj)a{s)j , 2, s G S(-7r, ^). (3.7) 

Note that by Lemma 17.5111 . in both cases i) and ii) we have Tx{z) C S[—ti + |5, 0], so (j3.7|l 
holds on T\{z). 

Following ()3.7p . we represent JV^ as the sum of two operators. In the next two Lemmas 
()3.2I and 13. 3|) we estimate these two operators in suitable functional spaces. In Lemma 13.41 
we estimate JVq (which is asymptotically small in comparison with JV^). These estimates, 
combined in Lemma f3. 51 give an a priori estimate for . In Theorem 13. II we prove conver- 
gence of the iterations series for the equation f + = t>o + iVv^. This gives the estimates for 
v+ necessary for further analysis. 

For Vq{z) = a{z) given by ()2.36|) . due to ()2.38|) and Lemma 17.5111 we have 

||t;o||i 5 ^ C. (3.8) 

" " 4'4 ^ ' 

uniformly in A G C \ {0}. For any fixed A G C+ \ {0} and ^1,^2 £ Ta such that Zj = 
z{xj, X),j = 1, 2 and ^ xi ^ X2 we define the function 

Q{Z2, zi) = X~-^ r q{z, X)p{z, A) dz, (3.9) 

J zi 

where p is given by (j2.29|) . We have the identity Q{z2,zi) = J^_^ q(x) dx. Since qi{x) = 
j^q{t)dt G L°°(M), we have 

|<5(^2,2i)| ^ 2||gi||oo for any Zi,Z2eTx. (3.10) 

By Lemma 17.5121 and Lemma 17.5131 , we have 

Ci|A|i ^ |z| ^ C2|A|3 for z eV^, 5^argA^7r, (3.11) 

where Ci and C2 are independent of z and A. 

Next we estimate the term of JV^, corresponding to the first term in decomposition ()3.7p . 
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Lemma 3.2. Let q,qi G L°°(M). Assume A G C+ \ {0}, |A| ^ 1 and f e for a > 
0,(3 > J (that is, f is defined on Fx for 6 ^ argA ^ vr and on for ^ argA ^6). Then 
g{z, A) = p.v. /p^(-^) CL{s^)Vq{s) f (s) ds G J-'^^p and satisfies 



(3.12) 



a{z)g{z,X) 



^c'lAr^ikiiu ii/iu(^)-"-^ + ii/ii,(^) 



(3.13) 



Proof. Consider the case ^ argA ^ vr, 2; G F^. By Lemma 17.5111 . we have Tx{z) C 
Sl—n + §5,0], so the uniform estimates ()2.38j) and ()2.39|) hold on Tx{z) for both a{z) and 
a{zuj). Writing F{z) = X~^a{zuj)p{z, A) ( p is given by ()2.29p ). integration by parts yields 



g{z,X)=p.Y. I {dsQ{s,z))F{s)f{s)ds 



-p.v. / Q{s,z){F{s)f{s)yds, (3.14) 



where we used Q{z,z) = and lim Q{w, z)F{w)f{w) = (this holds by (ESDI), 



and (jSIini))- Thus using ((2301) , (ESHD, and (jimiD we have 



|^?(z,A)| 



Ikillc 

|A|^ 



,{sy~i\ds\ 



+ 



As Jr;,(z) 

Due to Lemma f7. 5141 we have \z\ = inf Using also ()2.45p we obtain 



I {sr^dsi + ii/iu(;.)— ^ / \xrH^r^ds\ 

Txiz) JTx(z) A3 



+ 



^x{z) 



|A|t 

ll/'ll/3(^)-'^-^M^|UC|A|-t||g,|| 



(3.15) 



which together with ()2.38|1 and ()2.39j) proves ()3.12j) and ()3.13|1 . respectively. 

Consider the case ^ argA ^ 5, z E F^. By Lemma 17.5111 . we have Tx{z) C S[—ti + 
0], so the uniform estimates ()2.38|) and ()2.39|) hold on Tx{z) for both a{z) and a{zuj). We 

have g{z, X) = g-{z, A) + g+{X), where 



5'+(A) = p.v. / a{suj)Vg{s)f{s)ds, g-{z,X)= a{suj)Vg{s)f{s)ds. 

'rx(z) J'^x{z,z,) 



Using ()3.11|) and ()3.15|) for 2; = 2;^, we have 

Ikllloo J WJ IIq , \\J 11/3 



|Ah 



I I/3-- 



^ c 



Ikilloo J 11/11. 

|A|i 



I I/3-- 



(3.16) 
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In order to estimate we integrate by parts 



g4z,X) = Qiz,,z)Fiz)f{z)- Q{z,s) iFis)fis))' ds, F{z) = X-"^a{zLu)p{z, X), (3.17) 

since Q{z^,z^) = and q{s)p{s) = -dsQ{z^,s). Using (ITM . (IT!?H1) . and (nTTUIl we 

obtain 



\g-{z,X)\^C^ 



|-2| 4 Jr^ \ \s\ ' 4, 



|s|"+3|A|5 



By and (pnT|l . we have 

\g4z,X)\^C\\q,UX\-T^ 



(3.18) 



Combining (jTTT)|) and ^TH^ with gives dSH. The estimate (jTT^ follows from 

dSini), (pn^ and dTSU). ■ 

For the analysis of the part of JVq corresponding to the second term in ()3.7|) we also 
integrate by parts. Let us introduce an analogue of Q{zi,Z2): 



P{z) = -r / e-3^"g(s,A)p(s)rfs 



POO 
J X 

where x = ^/Xt (^4-) • Using (jOHIl and (jCTjl for q G L°°(M) gives 



(3.19) 



\P{^)\ ^ IkllooC 



e 3 



3 

s2 I 



'r;,(^) (|A|6 + |s|4) 
Using \p{z)\ ^ C and ()2.44|) . we obtain another estimate 
C 

r / le"3-'| Idsl C C- ^ 

|A|. 



zeT\ 



(3.20) 



e-t^H\ds\^&^\e--/-\{zy 



zevi 



(3.21) 



|A|6 yr;,(^) 

We estimate the part of JVg, corresponding to the second term in the decomposition ()3.7j) . 

Lemma 3.3. Let q G L°°(M). ylsstime A G C+, |A| ^ 1, and / G J'^^^ /or a > 0,/? > 

(^i/iai is, f is defined on Fx for 6 ^ argA ^ tt and on for ^ argA ^ Then 

43 

(7(2;, A) = /p ( ) ci,{s)e~s'^^Vg{s)f{s) ds G JF^^ anc? satisfies 



\el^h{z)g{z,X)\ ^ C\\q\UX\-'^ {||/IU(^) — ^ + \\f'h{zy'~i 



g{z, a(2;u;)e3 



^ C 



ll/IU , ll/'IU 



|A|^ l{z)"+i {zy+^_ 



(3.22) 



(3.23) 
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Proof. Assume ^ argA ^ vr and z G F^. By Lemma f7.5lll . we have Tx{z) C 
S[—n + §5,0], so the uniform estimates (j2.38j) and (j2.39|) hold on Tx{z) for both a{z) and 
a{zuj). Let F{z) = X~^a{z)p{z), where p is given by ()2.29|) . 



g-PFf = h + l2, h 



Pis)F'{s)fis)ds, 



P{s)F{s)f'is)ds. 



Using dSSOl), and ^^^Hjf we have 

\P{z)F{z)f{z)\^C\X\-'^ 



e 3 



(3.24) 



In order to estimate h and h we use dOHl), (ESHI), (ESHl), and (IT^ . This gives 



|A|3 Jr;,(^) 



At 



|A|3 yr;,(2) 



e 3 





— + - 




\fUz) 




\ds\ 







\ 



\ds\ 



A3 

-a-2 

^ c 



\x\-> 



I Wf'h 



The above estimates for Ji, I2 and ()3.24|1 give 



|(?(z,A)KC|Aro 



_ 4 
e 3 



3 

z3 I 



(3.25) 



The last estimate together with (imHD and (ITTp implies (IT^ and (IT^ . 



Assume 5 ^ arg A ^ vr and z G . Using Fa = F;^ U F^ we have g = g- + g^, where 



g-iz,\) 



a{s)e--^'^Vg{s)f{s)ds, g^X) 



Using ()3.11|) and ()3.25|) for z = z^: we obtain 

, Wf'h 



ais)e-^''V,is)fis) ds. 



|Ah 



1/3+4 



^ C 



|A|i 



e 3 



.J, J II/IU , Wf'h 



Using (j23Hl), ^rm . (ESDI), and (ITTni results in 



\g-{z,X)\^C- 



|A|3 yr;,(^,^.) 



e 3 



^\ds\ ^ C 



'e 3^ 



1 0+1 ' 



(3.26) 
(3.27) 



Now (IT^ and (IT^ follow from (IT^ and (ITTfll taking into account (j23Hl), 
and the fact that, by Lemma | exp{|z(x, A) 2 }| is strictly increasing. ■ 

In the following Lemma we estimate the operator JVq. We show that as A ^ 00 it is 
asymptotically small in comparison with JV^. 
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Lemma 3.4. Let A G C+, |A| ^ 1 and f G J-'^ for some a > (that is, f is defined on 
for 6 ^ arg A ^ tt and on for ^ arg A ^6). Then JVq/ G and 



|(JFo/)(^,A)| ^ 



C 



\\\i{z) 



a+4 



d_ 

dz 



{JVo f){z,\) 



C 



\\\i{z) 



(3.28) 



Proof. By Lemma 17.5111 . we have Tx{z) C S[—7T + |5, 0], so the decomposition ()3.7|1 holds 
on Tx{z). We estimate the part of JVq, corresponding to the first term in decomposition 
dSH). Using Lemma 1731 (j2lSHI), and the inequahty (^)|A|i ^ 2(|A|t + \z\'^). 

As a result we have 



a{suj)Vo{s) f (s) ds 



^ c 



\ds\ 



c 



'-\ds\ ^ 



r,(.,oo) (s)-+4 |A|3 + |s|2 
C 



\X\I {z)^+\ 



(3.29) 



|A|3 ir,(.,oo) (s)-+-4 

In order to estimate the part of JVq, corresponding to the second term in decomposition 
flTTjl . we use ^T^ . and the inequality {z)\\\i ^ 2(|A|t + \z\'^). This gives 



a{s)e~T^''V^{s)f{s) ds 



^;^(^,oo) 



^ C 



e 3 



I 



r,(.,oo) |A|3 + |s|2 (s)"+4 



- \ds\ 



^ C 



e 3 



3 

s2 I 



C |e-3 



^3 



(3.30) 



|A|3 Jr.(.,00) (s)"+4 |A|3 (;2)"+4 

The first estimate in ()3.28|) follows from ()3.29|) and ()3.30p taking into account ()2.38|) and 

(EH). 

In order to estimate d^g^z, A) we note that d^g^z, A) = ^Y^iz) ^zJ{z, s)Vo(s)/(s) ds. There- 
fore the second estimate in (j3.28|) follows from (j3.29p and (j3.3(J|) taking into account (j2.39p 
and (ISZ3)- ■ 

Now in order to estimate the operator JV = JVq + JVq we combine the results of the 
three previous Lemmas. 



Lemma 3.5. Let q,qi G L°°(R). Assume A G C+, |A| ^ 1, and f G J^^^ for a > 0,(3 > j 
(that is, f is defined on Fa for 6 ^ arg A ^ tt and on for ^ arg A ^ S). Then 

a,l3 



JVf G J^' and 



\{3Vf){z,X)\^C 



\M-' 



{zY 



- + 



Wf'h 



+ 



c 



|A|i {zY 



1 ; 

' 2 



(3.31) 



\d,{Wf){z,\)\^C^ 



Ikilloo Wfl 



+ 



Wf'h 

{zy+^ 



+ 



c 



(3.32) 
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Proof. Recall that 3V = JVq + JVq. By Lemma 17.5111 . we have Tx{z) C S[—tt + ^6,0], so 
the decomposition (j3.7p holds on Tx{z). Taking into account this decomposition, we deduce 
that the combination of Lemmas 13.21 and 13.31 gives the estimate for JVq (the corresponding 
terms in ()3.31|) and ()3.32j) contain curved brackets). Together with the estimate ()3.28|) for 
JVo this proves (ICTIl and ipO^ . ■ _ _ 

Proof of Theorem 13.11 We present the proof for A G C+, for A G C_ it is analogous. Let 
Vn-f-i = JVvn,n ^ 0. Substituting f„, g = Vn+i in (|3.3ip . (j3.32p and taking into account 
(13. 8|) for vq we obtain 



\v^^,{z)\ ^ + \v'{z)\ ^ + ^M^, 



where 



«o = ^,/?o = ^, ctn+i = min{a„ + - = min{a„ + ^, /?„ + ^}. (3.33) 

Therefore 

\v2n{z)\ ^ e'^voh,{zr^^~K \v2n+i{z)\ ^ 5^"+^ || i s (^) " t" t , (3.34) 



I^LWI ^ e'1|t;o|||,|(^)-^-^ l^k+iWI ^ e'-+'\\voh^^.{z)-'^-\ (3.35) 

and for e < 1 the series v+{z) = J2'^=o'^n{z) converges absolutely and is a solution of 
v^ = a + 3Vv+. For £ < i we obtain from (j!0^ and the estimates (jS3I), dSISI)- 

We prove the uniqueness. Suppose that there exists another solution v^_l^ G JF^ and let 

y = v+ — f^^^ G -,. We have y = JVy and therefore y = {3V)"'y for any integer ^ 1; 

applying Lemma IITHI we obtain \y{z)\ ^ C£"||?/|| i j^. Taking the limit n ^ oo for £ < 1 we 
obtain y = 0. M 



4 Uniform asymptotics 

In this section we consider the equation v+ = a + Jf+ for large |A|, | arg A| ^ 6 and z G F^. 
The case 2; G F^ was treated in the previous section. 

For I arg A I ^ S denote by J^^ the class of functions / on F^ such that /, /' G L°°(T^ ). 

We also set = J^^ © J^f (for the definition of J^^. see (Q)- Our main result is 

41-'- 

Theorem 4.1. Let q E B and \ argA| ^ 5. Then the equation v+ = Vq + 3Vv+, Vq = a, has 
a unique solution 11+ G J-"^ for |A|s ^ 2co(||q'||B + 1), where Cq > 1 is an absolute constant. 
If, in addition, {z,\) G F^ x S'[— 5, 5], then the following estimates are fulfilled: 

K(^)|^C(^)-i, \v'4z)\^C{zf^, (4.1) 
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\v,{z)\^C6{z)-'^, \v[{z)\^C{z)'^e, v, = 3Vvo, e = colXrHUh + I), (4.2) 



\v^{z) - vo{z) - v,{z)\ ^ Ce'{z)--^, - v',{z) - v[{z)\ < e'C{z)-^. (4.3) 

Corollary 4.2. Let q E B. Then the equation u+ = Ai + 3oVu+ has a unique solution 
u^{z,\) such that U-^-{z, X) = Ai{z){l + o{l)) , dzU^{z, X) + y/zu+{z, \) = Ai' {z)0{z~^) as 
Tx 3 z ^ oo for \\\6 ^ 2co(||g||B + 1); where Cq > 1 is an absolute constant. Moreover, 

M+(-2, A) = e~§^'f+(2;, A). The following estimates for u+ and Ui{z, A) = e~i^^fi(z, A) are 
fulfilled uniformly in z E T^: 
If I arg A| ^ 6, then 

|M+(2,A)KCeil^^^^l(2)-3, |9,M+(2,A)| ^ C(z)ieil^^^^l, (4.4) 



\u,iz,\)\^Ce^^—^, |a,wi(^,A)|^C£(^)3eil^-'l, e = co "^ f 7\ (4.5) 
{z)-^ |A|6 

|m+(;z,A) -Ai(2) -Mi(z,A)| ^C£2eil^^^^l(2)-3, (4.6) 



|9,«+(^,A) - Ai'(^) -5,wi(^,A)| ^ C£2(z)3eil^^^^l (4.7) 
if 6 ^ \ arg A| ^ tt, then 

|m+(^,A) - Ai(^)| ^C£eil^^^^l(;2)-t, |a,u+(z,A) -Ai'(2)| ^ C£eil^^^^l(^)-3. (4.8) 

2 ^ 

Proof. Set M+(z, A) = e~3^'t)_,_(2;, A), where f+ is given by Theorem l3.1l ffor 6 < \ arg A| ^ 
tt) and Theorem O (for | arg A| ^ 5). By (ESHl), and u+ is a solution of 

with the required asymptotics. 

In order to prove uniqueness, we suppose that there exists another solution m^"* with the 

same asymptotics as Tx 3 z oo. Then v\_ {z, A) = e3^^u\_ [z, A) is in (for | arg A| ^ S) 
or in J^i (for 5 < | argA| ^ tt) and solves v+ = Vq + JVv+. Hence, by Theorems 13.11 and 

4'-*- 

14.11 v^^ = f+, implying m^'' = 

The estimates figFfjl follow from (pTTHO|l . The estimate (^B) follows from (jSini)- ■ 
Below we consider only the case ^ arg A ^ 5, the case —6 ^ arg A ^ is analogous. 
By Lemma [7.5111 . is arbitrarily close to ]R_ as arg A 0. Thus we cannot use ()2.39|1 

in order to estimate the terms in the decomposition ()3.7|) for J{z,s). So we use another 

representation. We have 

Ai(zcJ) = e~^^^a{zuj), z G S'[-7r, --), u = . (4.9) 

3 
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Using (ESS), (1^3!^ and dHS)), we obtain from (ITTIKll and (0371) 

J{z, s) = -2i {a{zuj)a{suj) - et^^-i'^aMAi(scJ)) , z eVl, se Ta, (4.10) 

where, by Lemma OH , C ^[-tt, -f + C 5[-7r,-f) and 1+ C 5[-f - |,0] C 
^(-Tr.Tr]. 

As it follows from the decomposition ()4.10p . the formal operator can be presented 

4 3 

as the sum a(2;aJ) x (integral operator)+e3^^ 0(2:0;) x (integral operator). Thus in order to 
estimate we estimate these integral operators, introducing for functions on a decom- 
position in the spirit of ()4.10|) . 

For / G J-'^ and a fixed decomposition 

f{z) = a{zuj)U{z) + e^''^a{zu)Uz), ^ e F^, AG 5[0, 5] f|{A G C : |A| ^ 1}, (4.11) 
we introduce the functionals 

Po(/,A)= supf|/,(;^)| + |e^Ve(^)|Y Pi(/,A)= sup(^)^f|/;(z)| + |e^'/^(^)iy (4.12) 

z&l \ J \ J 

If / G has a decomposition (jUTTj), then we have 

1/(^)1 ^^^Po(/,A)(;^)-^ |/'(^)|(2)-^ ^C(j9o(/,A)+pi(/,A)(;.)-i), z G F". (4.13) 
If / G T'^ has a decomposition (jUIH), then we have 

l/pWI ^Po(/,A), \flz)\ ^ |e-^^bo(/,A), (4.14) 

l/;WKPi(/,A)(^)-i 1/1(^)1 ^ |e-^*|(z)-ipi(/,A). (4.15) 
Using (jSSl), (Q and the identity we obtain for ^ argA ^ 5 

vq{z) = a{z) = e'^a{zuj) + e~'^ e^""^ a{zuj), z eV^ C S'[-7r, -^). (4.16) 

For this decomposition using p.38|) and p.39|l we obtain 

Po(t^o,A)^2, pi(t;o,A)=0, O^argA^^. (4.17) 



Below we estimate {iV f) 



in terms of po and pi assuming that / G JF'^ = T_ © JF^ 

r- 4.1 



Using ()4.10|) for some function / on F;^ we obtain the following formal decomposition: 

{Wf){z)=a{zuj)g,{z) + e^''^a{zuj)ge{z), gp = JpVf, ge = JeVf, ^ G F^, (4.18) 
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where A G ^[O, 6] P|{A G C : |A| ^ 1} and the operators Jp and Je are given by 

{3J){z) = -2i [ a{suj)f{s) ds, {3ef ){z) = 2i ! e"!^^ Ai(saJ)/(s) ds. (4.19) 

In the apphcations below the integral along the infinite curve exists in the principal 
value sense. In this section we will always define pQ{3Vf,\) and pi{3Vf,X) using the 
decomposition (jlTTHI) and (jlTT^ . 

In order to estimate 3pV and JgV^ we decompose the integrals in (|4.19|) corresponding to 
the splitting Tx{z) = Tx{z, z^) U r^". Thus we have 

{3pf){z) = + hpif), zeT-C S[-7r, -|), (4.20) 

where, by definition 

{]pf){z) = -2i f a{suj)f{s)ds, hp{f) = -2z[ a{suj)f{s)ds. (4.21) 

A similar decomposition of Jg gives 

{3J){z) = {U){z) + K{f), zeT.C S[-n, (4.22) 
where, by definition 



{U){z)=2i e-3^^Ai(s^)/(s)ds, K{f) = 2t e-3^^Ai(s^)/(s)ds. (4.23) 

Note that the standard asymptotics ()2.31|) for Ai(saJ) fails in the neighborhood of arg s = — |. 
Taking into account (j4.9j) we obtain 

(j J)(z) = 2t [ e-l'h{suj)f{s) ds. (4.24) 
By (1231, (12311), dH and (gS)), for s G r+ C S{-7t, f ) we have e-^^ Ai{suJ) = e'^a{suj) - 

4 3 

e~3''^co'a(s). This gives 

h^(f) = 2% J (^e'^aistu) - e-t^^cja(s)) /(s) ds. (4.25) 

Using (j4.19H4.25)) . for z C S\—tx, — |) we have the decomposition 

(J/)(z) = a{zuj) ((jp/)(;.) + ^(/)) + e^^a(z^)((j J)(^) + /.,(/)). (4.26) 
For Zj = z{xj, A) G r^, j = 1, 2 and Xi < X2 we define 

P±(zi,^2) = A^ / e^l'^p-\s)Vg{s)ds. (4.27) 
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Lemma 4.3. Let q E B. Assume ^ argA ^ 5, \X\ ^ 1. Assume that f\ E has a de- 



composition d^.iil ) and f\^+ = 0. Then {JVgf){z) = a{zu){ipVqf){z)+e-i^^ a{zLj){}e.Vqf)iz) E 
JF^ and for this decomposition the following estimates are fulfilled: 



PoiJVJ, A) ^ C\\q\\e\X\-'^ (^poif, A) + p,{f, A) log(|A| + 1) j , 
Pi{3VJA)^C\\qUX\-ho{f,\)- 



(4.28) 



(4.29) 



Proof By Lemma OE , C S[-7r, -f ), so (fCTlll holds. Using Km . KT^ . (jOHI), 
(jOT|l . (jO^ . and (ICTI) we obtain 

(jpK/)(^) = -2^(^pp(^) + Ipei^)), {ieVJ){z) = 2t{h,{z) + /ee(^)), (4.30) 

where 

Ippi^) = a{su)a{suj)Vg{s)fp{s)ds, Ipe{z) = la{sujfe^'^Vq{s)fe{s)ds, 

Iep{z) = a{sujYe~^^^Vq{s)fp{s)ds, Iee{z) = a{su)a{suj)Vg{s) fe{s) ds. 
JTx(z,z,) Jrx{z,z,) 

We estimate Ipp. Define the functions Fj{s) = \^^>a(suj)a{stJ)fj{s)p{s) for j = e,p. 
Integration by parts yields 



Ipp^z) 



-Q{z^,z)Fp{z) 



Q{z^, s)F'{s)ds, 



(4.31) 



rxiz,z,) 



where Q is given by ^M)- Using (IT^ . (^30)), ^M>, and Km . we obtain 



|A|i 



\ds\ 



Due to (I23ni), and KWi we have 

|/pp(^)l ^ C\\q^\UX\--^ (^poif, A) + p^{f, A) log(|A| + 1)^ , z e F". (4.32) 



We estimate I' {z) = -a{zuj)a{zU)Vq{z)fp{z). Using fTE^ . and we have 



CWl ^C'||g|U|/,(^)||Ar3(^)-^ zeT-,. 



(4.33) 



The estimate of lee is similar. Using and Q we integrate by parts. Using ()2.29p . ()2.30p . 
(ESHI), (1^^ and dSini), we obtain 



\LJz)\^C 



|A|i 



l/e(^)l 
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We have le't^^ | ^ 1 for z G T" C 5[-7r, -f ). Using dTiHll . (HH) and KUi^ we have 



I Jee(z)| ^ C'^t le-l^^ I A) + p,{f, A) log(|A| + 1)) , ^ G T;^ C S[-n, -^). (4.34) 



We estimate r^^{z) = -a{zuj)a{zLu)Vg{z)fe{z). Using (jT^ . (|On|l and we obtain 



(4.35) 



In order to estimate Ipe we use P+{s, z), given by ()4.27|) . Integrating by parts we have 



Ipe{z) = -P+{z^,z)F{z^) 



P+is, z)F'{s) ds, F{z) = X"-^a{zujff,{z)p{z). 



Using (EISHI), dZSni), and (jTT!n|l we obtain 



|A|6 



3 

4,3 , 



|/e(z.)||e3^* 1+ / lea 



sy. 



\ds\ 



We have \el'^ K 1 for s G T;^ C S[-n, -f ). Using TIT^ and (imtiOHll we obtain 



\Ipe{z)\ ^ C\\qh\\\-^ Poif, A) + Plif, A) log(|A| + 1) 



(4.36) 



We estimate Ipf,{z) 
we get 



-aizuj 



'^e3'^Vg{z)fe{z). Using Lemma 1213 (ESi), (|^^ and (fTTp 



14(^)1 ^ C\\qUel^*Mz)\\\\-Hz)-'^, z G T". (4.37) 
In order to estimate lep we use P-{s, z), given by ()4.27|1 . Integrating by parts we have 



-P_{z„z)F{z)+ j P_{z,,s)F' 



)F'{s) ds, F{z) = X-^a{zuffp{z)p{z). 



Using (0r27|l . (ESHD, (1^^ - (1^:^ and we obtain 



|/ep(^)| ^Cf^ 

|A|6 



l/p(2;)e 



3^ 

f / le 3 

2 •/r^.c^.z.) 



W2 



\ds\ 



By Lemma f2. 31 we have max le 



I 



|e~t^^|. Using (ITiHll . (imjl and ^HJ^ we obtain 



I Je,(^)| ^ C\\qh\\\~ne~i'^ I ( po(/, A) + j9i(/, A) log(|A| + 1) 



z G rv. 



(4.38) 
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We estimate /^^(z) = -a{zuj)^e-^s'^ Vg{z)fp{z). Using Lemma (EH) . and ^IM 

we obtain 
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^ C||g|U|e-t^^/,(z)||A|-t(z)"t, ;^ g T;^. (4.39) 
Due to (lO^ . (lOlll . (jCTjl and (ICTll we have 



PoW/, A) = + le-y^ {}eVJ){z)\ ^ po(/, A) A)log(|A| + 1) 

|A| 

where z eV^. This proves ((03) • Due to (fOIUl . (fOHjl . (fOTfl and (jCTjl we have 



|A|3(Z)2 

where z eT^. This proves ()4.29p . ■ 

Lemma 4.4. Let q E B and ^ argA ^ 5, |A| ^ 1. Assume f = f~ + f^, where 
/+ = /|^+ G /or a > 0, /5 > I and f = f\r- ^ -^^ T/^en (7 = (J^/)|r- ^ .F^ anc? 

4 ^ 

for the decomposition g{z) = a{zuj){3pVf){z) + e^''^ a{zuj){JeV f){z) the following estimates 
are fulfilled: 



Po{g, A) ^ U(r, A) + pi(r, A) log(|A| + 1) + ||/+|U,/3 ) + -^Poif, A), (4.40) 

|A|6 V / |A|3 

p,{g, A) ^ C|A|-^ (||g|U + 1) Po(r , A). (4.41) 
Proof. By ()4.26|) . we have g = go + 9- + 9+, where 

g+(z) = a{zu)hp{yX) + e^'h{zu)K{yj+), 

g^z) = a{zuJ)ijpVJ~)iz) + el^hizu){jeVJ-)iz), 

go{z) = a{zuJ){3pVof){z) + el'K{zu;){3,Vof){z). 
Firstly, we estimate g^. From ()3.15|) and ()3.25p we have 



\hMf)\ ^ C||gi|U|Ari||riU,;3, \he{VJ)\ ^ cmUe"^'h + lki||oo)|Ar^||/+||„_^. 

(4.42) 

By Lemma f2.3[ we have |e3*^^^~^* -"I ^ 1 for z eT^. Thus 

Poi9+A)^Ci\\q\\^ + \\q,\U\\\-'^\\f+\Up, p,{g^,\) = 0. (4.43) 

Secondly, we estimate ^o- Using (jCTll . KM . (IT^ . (ESDI), (E3H1), and Lemma O 

gives 

Po(/", A) \ds\ „Po(/",A) 



|(j,H/)(^)| ^ C fr^-^ihj ^ ^ ui^' ' ^ ^ (4.44) 

|A|3 + |sp (S)2 |A|3 



r; 
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Jr- |A|3 + |s|^ (s)2 |A|3 
Using Lemma 1231 (!3.29|) and (j3.3(jp we have 

\h,{Vof)\ ^ C|Ari||/+|U, \K{VJ)\ ^ C|A|-i|e-H|||/+|U. (4.46) 



By Lemma \2.'A\ we have les^^'"^* )| ^ 1 for 2; G F^. Thus substituting ()4.44j) . ()4.45|1 and 
(lOHll in KT^i we obtain 

Po(^?o,A) ^C(po(r,A) + ||/+|U)|A|-i. (4.47) 
Using ^TIT} . (jOg), (fOH|l . (fT^ . (fOn|l and (^3^ we obtain 

|5^(jpH/)(^)l ^ -—T — — 1 — , \dz{hVof){z)\ ^ —^\e 3 I — _ — , 



I Ah (2;) 2 |A|3 [z) 



2 



which proves 

p,igo,X)^Cpoif-,X)\M~''. (4.48) 

Finally, apply to g.; together with (jOH|l and (jOTjl this gives (jOn|l . Applying (^3^ 

to 5f_ together with and (jOH|) gives (jOT|) . ■ 

Proof of Theorem 14. IL We consider the case ^ arg X ^ 6, the proof for —6 ^ arg A ^ 
is similar. Let Vn+i = 3Vvn,n ^ 0, where Vq = a. Introduce = f„L±. By (jniSIHSIS21) , 
for some absolute constant Cq > we have 



I'^n+l IUn + l,/3n + l ^ ^ll'^n IUn,/3n) 



where a„ and /3„ are given by ()3.33|) . We estimate v~ in terms of po and pi, using the 
decomposition (j4.16p for Vq and (|4.18p . (|4.19|) for f~, n ^ 1. Substituting f = Vn and 
g = Vn+i in (j4.4Up . (|4.41|) and choosing cq sufficiently large, we obtain 

Poiv~+i,X) ^ ^(^Po(^^,;,A) +pi(t;^,A)log(|A| + 1) + \K\\a„,f3r^, Pi(<+i) < ^^^^^^||~^- 

Using (|3.8|) and (j4.17|) (in particular, Pi{vo, A) = 0) we obtain for Vi and V2 

Po{vi,X)^eL, pi{v^,X) ^ e\X\"^L, L = 2 + ||wo|| i 5, 

4 ' 4 

Po{v^, A) ^e(^eL + eL\X\--^ log(|A| + 1) + HWauP,^ ^ e\2 + |Ar^ log(|A| + 1))L, 

Pi('U2", A) ^ £:^|A|"^L. 
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Increasing the constant Cq and using the induction principle we obtain for each integer n ^ 

Poiv-,X)^e"L, p,(y-^X)^-^e-L, H\Uf,^ ^ e-\\vo\\.^s. (4.49) 

I A 1 6 

By Theorem 13.11 for e < 1 the series v+ = Y1'^=q "^n converges in jFi -,^-norm and gives 

a solution of = Vq + JVv+ on F^. By ()4.49p . for e < 1 the series Yl'^=oPoi'^n y •^) 
^^qPi(u~, A) converge; for e ^ | the following estimates are fulfilled: 

Po(^'+|^-, A) ^ 2L, pi{v+\^-,X) ^ Po{v^ , A) ^ 2eL, , A) ^ (4.50) 

^ ->> |A|6 |A|6 

Po(^v+\^--Vo-v^,\^^2e^L, pi(^v+\^- - - , \^ ^ 2\\\~^e^L. (4.51) 

By (|4.13|), convergence of Er=oPo(t^n , A) and I]^=oPi(^n ' implies convergence of Yln=o 
in C^-norm on . Thus for £ < 1 the series f + = X]^o converges and solves the equation 
t;+ = i;o+J^^^+ on Fa. Using (II?T!?ll and we obtain (H?T|l and (jOI) from (H3nil : similarly 

we obtain from (OT|l . 

We prove uniqueness. Suppose that there exists another solution v^* G T'^ = T'^ © JF^ . 

4' 

By Theorem 13.11 we have '^^+''lr+ — ^+lr+- Consider the difference y = (f+ — f+'')|r- ^ 
We have y = {3V)"'y for any n > 1; applying Lemma I^Til we obtain po{y, A) ^ Ce"'{po{y, A) + 
Pi(?/, A)). Taking the limit n — > oo for £ < 1 gives y = 0. M 

5 Asymptotics of the Wronskian 

In this section we shall determine the asymptotics of w{X) = as A ^ oo. To this 

2 ^ 

end we find the asymptotics of ui{z, A) = e~a^^ {3Vvq){z) (given by Corollarv l4.2p as A — oo 

in the sector | argA| ^ 6. Introduce an auxiliary function 

/ 2ivi 

E+{X)=2 Ai{suj)Ai{suJ)Vg{s)ds, uj = e— . (5.1) 

By dHZZD, we have 

2 

^4=±^^A, O^iargA^TT, = z{{),\) = -\l . (5.2) 
Lemma 5.1. 1. Let q E B and \ argA| ^ 6, |A| oo. Then 

M+(zo, X) = Zo' [sin -(A + 1) (l + 0(A-6) j + E^X) cos -(A + 1)J + O ( j > (5-3) 
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d,u+{zQ, A) = [- cos -(A + 1) (l + 0(A-6) j + E+{\) sin -(A + 1)J + O ( ) 



f|ImA|' 

(5.4) 



2. Let q G B and S ^ ±argA ^ n, |A| oo. Then 

Tif(A+l) / f|ImA|\ I / f|ImA|\ 

«+(^o, A) = — + O , d^u^zo, A) = -^e^^^(^+i) + O . (5.5) 

2z^ V A3 / ^ V A3 / 

Proof. We present the proof only for Im A ^ 0, for Im A ^ it is analogous. 
1. Let ^ argA ^ 6. We have 

3 3 

Ui{z,X) = e~l'\i{z) = e-^'^3Vvo){z) = Ai{zuJ){3pVvo){z) + Ai{zuj){JeVvo){z). 
By (jOTjl . {3VoVo){z) = 0(A"i). Since V = Vg + Vq, we have as A ^ oo 

u,{z,\) = e-l'\,{z) = e-^^(JVo)(z) + O (\\\--^zyh"^^''''^^^ . (5.6) 

Using dmni), (ESI, (E3S1), (EH), (D and ^MEM) we obtain 

e-i"^(J\/qt;o)(2;) = Ai{zLj){JpV,Vo){z) + Ai{zu;){JeV,Vo){z) 

= 2iujAi{z) / a(su;)a(s)\/g(s) (is - 2iAi(2;cj) / e''^''^ a^{s)Vq{s) ds 



+2Bi(z) / a(scj)a(scJ)\/g(s) (is - 2iuAi(zcJ) / e^^^ a'^{suj)Vg{s) ds 
+2ie'^ Ai{zuj) / e~^'^ a^{suj)Vg{s) ds, 



where u = e'^a' . Now we set z = zq and write the asymptotics of Ui in terms of Ej^. By 



'rx(z,z*) 
nd w: 

Lemma 1771 (EE)), (El) and (ESHD, we have 

Ui{zo,X) =2iujAi{zo) j ^a{suj)a{s)Vg{s) ds + Bi{zo)E+{X) + o(^X-hQ~*\e~l'o \y (5.7) 

Using ()2.39|) we obtain for the derivative 



d;,ui{z,X) = 2iLuAi{zo) J a{sLu)a{s)Vg{s) ds + Bi' {zo)E+{X) + o(^X~h^\e~ 



T 3 
3^ 



(5. 



From Lemma O (ES1)> and we deduce that 

/p+ a(scj)a(s)K;(s) ds = 0{X-^). Therefore using (EEl), (EID> (E2), (E^, (EH) and (EHl) we 
obtain 

M+(zo, A) = Ai(;2o)(l + 0(A-^)) + Biizo)E^iX) + O (A-^ef U-^l) , (5.9) 
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d,u+{z^, A) = Ai'(^o)(l + O(A-i)) + Bi'(^o)i^+(A) + O (A"^eil^-^l) , (5.10) 

where Zq is given by (|2.27p . Recall the standard uniform asymptotics of Airy functions P 
in the sector |arg2;| < | — e, e > 0, as 2; — > cxd: 

ki{-z) = z--i{sinr] + 0{F{z)), Ai'(-2) = -^3 (cosr^ + 0(F(z))), (5.11) 



Bi(-z) = z-4(cosr7 + 0(F(z)), Bi'(-z) = (sin r/ + 0(F(z))), (5.12) 

where 77 = |zi + ^ and F{z) = 2;~iei'^™^^'. Note that for ^ argA ^ 5 we have — vr ^ 
arg^o ^ -vr + |5. Thus we substitute (IHTT|l and (IH?!^ into (OHHTTn|l . This gives 
2. Let 5 ^ argA ^ TT. By we have 

M+(^o, A) = Ai(^o) + O (A-ie5l^""l) , <(^o, A) = Ai'(zo) + O (A-^eil^-^l) . (5.13) 

Note that for 6 ^ argA ^ tt we have — vr + |(5 ^ arg-^o ^ 0. Thus we apply ()2.3H) and ()5.2|) 
to (PTTT^ . which gives (jS^.B 
Introduce the function 

/ X \ A/4 

0(A) =24 — , AeC\M_, 0(A) >0 for A > 0. (5.14) 



2e J 

In the next Lemma we write -0+, defined by ()2.2|) . in terms of 

Lemma 5.2. Lei q E B. Let -0+ &e t/ie solution of Eg. / TO)) , satisfying \2.^) : let m+ 6e i/ie 
solution of Eg. \2. 34^ , given by Corollary \4.2\ Then for |A|e ^ cq (||g||i3 + 1), where cq ^ I is 
some absolute constant, the following identity holds: 

V'+(x,A) = 0+(x,A), where 0+(x,A) = 0(A) ''+^^ ^'^' ^ , a; ^ 0. (5.15) 

V ^'(a;, A) 

Proof. The function 0+, given by ()5.15|) . solves Eg. 1)2.11) by changing variables according 
to ()2.26|) . In order to prove ()5.15|) it is sufficient to demonstrate that 0+ has the asymptotics 
r^. Using (prqi . (IT^ . (lOTl) . Corollary O and (Q, we have for x ^ 00 



which proves ()5.15|) . ■ 

In order to obtain the asymptotics of the Wronskian w{X) = {'0_,'0+} we need also the 
asymptotics of the fundamental solution (see Theorem 12. 1|) . We use our results for a; > 
and consider the reflected potential g-(x) = q{—x) for x G M+. We define 

V~{z) = A-^/(z,A)g_(z), g_(z,A) = q^VxtizX-l)), 
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where p is given by ()2.29|) . Let A) = A; ), where m+ is given by Corollary 

(with Vq replaced by V^). By Lemma 1^721 the fundamental solution ip_ is related to u_ by 

u^{z{x, A), A) 



^_(-x,A) = 0(A)- 



\/z'{x,X) 



Introduce -E'-(A) by 



E_(A) = 2/ Ai{suj)Ai{sZJ)Vg-{s)ds, 



2Tvi 

a; = e 3 . 



(5.16) 



(5.17) 



By Lemmainm for | arg A| ^ 6 the solution m_(-2o, A) has the asymptotics (|5.5|) : for | arg A| ^ 6 
it has the asymptotics ()5.3|) . ()5.4|) with replaced by E^: 



«_(zo,A) =2o' sin^(A + l) (l + 0(A-^)) + E_(A) cos ^(A + 1) 



O A^^e* 



1 '^llmAI 



(5.18) 



u'_{zo,X)=z^ -cos^(A + l) (l + 0(A-^)j +E_(A)sin^(A + l) 



+ A"6e4 



i ^|ImA| 



(5.19) 



Below we use the function E = E^ + E'^. 

Lemma 5.3. Let q E B. Then for |A| ^ oo the following uniform asymptotics hold: 

«;(A) = 02(A) cos ^A-E(A) sin |a + (A-3elli"^^l) , |argA|^5 (5.20) 



w{X) 
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f |ImA| 



A^ 



-A) U + 0{\- 



(5 ^ ± arg A ^ vr. 

(5.21) 



Proof. Using ^TI^ . (j5T5|l and ^^\^ we obtain 



t.(A) = -02(A) (^«+(zo, A)t.'_(^o, A) + <(;.o, A)«_(^o, A)) - ^2(^) ^+(^o^A)M^o, A) _ 

Substituting ()5.3H5.4|) and ()5.18hl^TT^ in the last identity, we obtain ()5.20|) : substituting 
(15. 5j) and the same formulae for m_, we obtain (j5.2ip . ■ 



6 The proof of Theorem 11.11 



Using (j5.14j) we write the following uniform asymptotics of the unperturbed Wronskian 
= = (see, for example, P): 



«;o(A) = 02(A) cos ^■(l + 0(A-i)) 
«;o(A) = 0-2(-A) (4 + 0(A-i)), 



|argA| ^ 6 
larg A| > 6. 



(6.1) 
(6.2) 
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Lemma 6.1. Let q & B. Then there is Nq G Z such that for each integer N > Nq the 
operator T has exactly N simple eigenvalues in the disc {z : \z\ < 2N} and for each n > N, 
exactly one simple eigenvalue in the disc {z : \z—fi^\ < n^e}. There are no other eigenvalues. 

Proof. Consider the contours |A| = 2n, \\ — = 5n, n > N, n E N, where 5„ = n^^ < 
Then I cos^l ^ 4e5l^°'^l for lAI = 2n and l^cos^l ^ fe^li^^l for |A-u°| = 6, 6 < By 

I z ' II iTT zl 4 \ I ri\ 6^ 

the asymptotics ()5.20|) . ()5.2H) . ()6.2|) and ()6.1|) . there exist integer Nq > (^jj^j such that 

for any integer iV > A^o on these contours \w{X) — wo{X)\ ^ ||wo(A)|. It fohows that w{X) 
does not vanish on these contours. Hence, by Rouche's theorem, w{X) has as many roots, 
counted with multiphcities, as wo{X) in each of the bounded regions and in the remaining 
unbounded region. Since wo{X) has only the simple roots {/i°}^0' Lemma is proved. ■ 

Lemma 6.2. Let q E B. Then for |A| ^ oo the following asymptotics are fulfilled: 

E{X + e)-EiX) = 0(^X-^y £ = 0(A-i), -^^argA^^, (6.3) 



^(A) = I' + O (ikbA-^) , E{X) = O (ikbA-i) , A > 0. (6.4) 



Proof. Consider the case ^ arg X ^ 6; for —6 ^ arg A ^ the proof is analogous. 
Consider given by ()5.1|) . Recall that t* = where is defined by z^: = z{x^, A) (see 

Lemma (2.21 and below). We have A = lAle^*'^. For some c G [0, 11 we set ti = ^e"""^, 

Xi = ^ and zi = z{xi,X). The length of Tx{zi,z^:) is |rA(^i,2*)| = |A|3 J^^^^^-^ \k'it)\ \dt\. 
By Lemma 17.3141 , |t^,| is bounded uniformly in A. Thus using ()2.21|) we conclude that 
I Fa (-21, -2* )K C. Therefore using ^TI^ . (12301), (ESHl), and (gl)) gives 



Ai{siu)Ai{suj)Vq{s) ds 



\x\i 



(6.5) 



Next, using the asymptotics ()2.31|1 and Lemma f7. 5111 . we have uniformly in | argA| ^ 5 



A\{zuo)A\{zuj) + 



47rz2 



C 



\z\ 2 (1 + |2;|) 2 



VT-, 



(6.6) 



Substituting ()6.5|1 and ()6.6j) in ()5.H) . we have 



E+{X) = 2n / Ai{su)Ai{sU)Vq{s)ds + 

Jrx{zo,z-,) \ |A|3 



Vg{s)s-^ds + 
rxizo^zi) \ |A|3 



Making the substitution s = k{i) - As, ds = X^k'it) dt and using ()2.29|1 we obtain 



E^{X) 



iVxt) 
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dt + 



lAlt 



(6.7) 



(6.8) 



Using (ITTTjl and dTTIIl) we have k'{t)^/k{f) = = - 1^, where the last root is 

positive for — 1 < < 1. Hence 



2 Jo vV^^^^ V |A|i ; |A|3 

Using similar arguments for E^, we obtain 



In order to prove ()6.3|) we set c > 0. We estimate the partial derivatives of Ec{X) with 

|A|i 



respect to real and complex parts of X = ^ + iu = |A|e^*''. This gives \-^Ec{X)\ ^ C^r^> 



\^EJX)\ ^ C^^. Therefore as A ^ oo 



\E,{X + e) - E,{X)\ \e\ ■ snp \VE,{X')\^C\\q\\B\X\-l, e = O (|A|- 

\X-X'\^e ^ 

which together with proves ()fi.H|) . 

Setting c = and A > in ()fi.9j) proves the first asymptotics in ()fj.4j) . In order to prove 
the second one we use the decomposition Eq{X) = -E'i(A) + /2(A), A > 0, where 

!/■■ ,(,VA)-M(-iVA) 

1 ^ ^ 

Using J 1 g(a;) (ix = gi(A2 — 1) — gi(A2t) we integrate the expression for Ei by parts. This 
gives \Ei{X)\ ^ Direct estimate gives I /2(A) I ^ Woo. Combining these estimates 

A3 2A3 

proves the second relation in ()6.4|) . ■ 

Proof of Theorem 11.11 Bv Lemma IHUl in each disc Dn = {A : |A — ^ there 

n t> 

exists exactly one simple eigenvalue /i„ for n sufficiently large; now we improve this estimate. 
Using the asymptotics ()5.20|) and |sin(|A)| ^ | for A G Dn, we obtain 

cot(^/i„) + + O (^n^^ j = 0, n^oo. (6.10) 

Using ()6.4p . we write 

2 1 

Ain-yU° = e„ = 0(n"6), n^oo. (6.11) 

TT 

Substituting ()6.11|1 into ()6.1()|1 we have 

|e„ + E(/x„) - E(/x°) = O (n-i) . (6.12) 



28 



By fl6.3|) . E{^n) — -£'(/^n) = 0{n 3). Thus in ()6.11|) the error term e„ is 0(n 3), which 
yields fin = f^n~ f-^(/^n) + 0{n^3). The change of variable t = sin6' gives /x^ = — = 
(271)-^ J^^q{^/J^ sin 9) de. This proves ■ 

Proof of Proposition 11.21 Substituting q(x) = e*^* diy{t) into ()6.9|) and using the 
identity for Bessel function Joiz) = ^ /_\ e^^^^^'^ dcj) (see py) we have 

— / q{VXsm^)d^= [ Jo{tVX)diy{t) = h + I2, A > 0, (6.13) 
2vr J-TT Jr 



where 

/i= /" Jo(tv^)ciK^), /2= / Jo{tVX)du{t), £ = A-i, |-<^. (6.14) 

i|t|<e J\t\>e 4p 

Using Jo(— -z) = -^0(2^) and the asymptotics (see (Tj) 

Mz) = /Jcos(. - ^) + O(^) , I arg.l ^ |, 

we obtain 



A* J\t\>e V ^1^1 ^ 4^ A4 J\t\>e U 

where the last term is 0{\^i). Next, 

\h\^C f du{t)^Ce^! ^ = C7^P = O(A-i). (6.16) 

J\t\<e J\t\<€ \W 



Similarly we have 



A-3 



|i|<£ 



yAcos(|t|v^-^) du{t) 



^ CX-i I ^ ^ CA-i.-t = O(A-t). 



(6.17) 

implies 

Moreover, substituting duij:) = J2kez^(^ ~ ^kj^lkdt into ()1.4|) we obtain (jl.Sp . 



Using (jnHnHHUZI) and setting A = /i° gives /i^ = '^'■^^^^^ + 0(n 4) which implies fjl.3p . 



7 Appendix 

For fixed arg A = we have t = G e~'"'M+. We rewrite t G 5'[— ^, 0] and ^ in the form 

t = re-''^ = I + Tfe-'^P , <^G[0,7r], ^ 0, (A.l) 



3 1 TT 

^{t) = e-'^ V2Tse^-s^ds, t e S[--,0]. 

Jo 2 



(A.2) 
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Lemma 7.1. Let t e 5[-f,0], R{t) = \^{t)\, <l>{t) = arg^(t). Th 

1. t = re-'^ = 1 + r]e-'''^, where r, r/ ^ 0, ?9 G [0, f ], G [0, n], 

2. <l>(t) + f G [-1,0], 

3. ifr]^ 1, then ||t - l|i ^ R{t) < 2|t - 
ifi]'^0, then | sin^ ^ R{t), 

I tf^e{0,^],then U $(t) = [-f,-2^9), 



en 



5. -TT - ^9 ^ <l>(t), i/ien arg (e^'^dr^it)) G [-f + |, |]- 

Proof. The proof of^is simple. El Consider the integrand in formula ()A.2jl . For s G [0,7]] 
we have arg y/fTse^ G [-f , 0], hence + ^ = arg y/2Tse^ ■ ds^ G [-f , 0]. 

El Consider the integrand in ()A.2|) . For s G [0,7/] we have 1 < Re V2 + se~'"^ and 
\V2Tse^\ < 3. Using R{t) = Q V2 + se'^^ ■ ds gives 



^r/i^i?(t)<3-^r7i, r] = \t - l\. 
The relation min |t — 1| = smd for -i? G [0, |] finishes the proof. 

arg t=—i} 

H Fix ^9 G (0, f ]. By direct calculation, ^(5[-f , 0]) C S[-^, 0], so J '^'l^) C S[-^, 0]. 

reIR+ 

Using ()2.18|) we have arg (e^*'^^(t)) — ^ as r — > oo. Also we have ^(0) = ij. Since 
^(t) is continuous, this gives UreR+ '^(^) ^ ~'^''^)- Thus we need only prove that 

arg (e'^'^^it)) < 0. 

Consider e^*'^^(t), t = re~^^, as a function of real parameter r G M. Note that by 
Lemma Ol, Im (e2*''^(t)) strictly decreases in r. Since ^(^[-f,0]) C 5[-|7r,0] and 
.^(0) = ij, as r increases e^*''^(t) hits only the negative half of the imaginary axis. Therefore, 
as soon as arg (e^*''^(t)) > — |, we have Im {e'^'^^^{t)) < 0. Hence arg {e'^^^^{t)) < 0, which 
finishes the proof. 



El By (Ha, we have e^'^dr^{t) = e-'^e''^^^Jl + where -^1 + 2^ G 5[-|,0]. 

Therefore 

arg(e-''9.e(t))G[-| + ^,-| + ^]. (A.3) 

Next, by hypothesis, $ G [— vr — 6, —2'd]. Thus using |21 we obtain — G [— + ^9), —'&\. 
Substituting this into ()A.3|) proves El ■ 

Lemma 7.2. Lei t = re-'^ G 5[-f ,0], R{t) = \^{t)\, <l>(t) = arg^(t). Then 
1. engdrm e 1-1-^,-2^), 
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2. tf^e (0, f] andr^O then Im {e^'^^dr^it)) < and Re {e^''^dr^{t)) > 0, 
if ^ = {] and re [0, 1), then Im [e"^^'^ dri{t)) < anc? Re^(t) = 0, 

ifd = {]andre (1, oo), then Im^(t) = an(^ Re {e^'^dr^{t)) > 0, 

3. if ^t) e (-TT - 2d, -f - 19), then ^r^t) > 0, 

4. if G (-^ - 2^9, -TT - ^9), i/ien (9^i?(t) < 0, 

5. if $(t) G (-f - 2^9, -^9), i/ien (9^i?(t) > 0. 

Proof. [H By direct c alculation, dr jit) = e-'^^'{t) = e-'^VW^. We have (t^ - 1) G 
5[-7r, -2^9), so that arg v^^V^2l^f3I ^ _^). 

121 For -i? G (0, |] the result follows from^ For -(9 = 0, the result follows from (j2.17p by 
direct calculation. 

H We have dr^{t) = sin {arg (t) - By [2 9^<l>(t) is strictly positive for 

^t) G {-7T-2d,-^-d). 

El andU We have drR{tY = 2|^'(t)| cos{arg9,.^(t) - <l>(t)}. BylH drRit) is positive 
for G (-f - 2d, -d) and negative for <l>(t) G (-^ - 2^9, -tt - ^9). ■ 

For A = IXle"^'^ eC+\ {0} we have 

^zix, A)t = Xm, ^ = ^ = ^e"'" e ^[-|' 0]- (A-4) 

Lemma 7.3. For each A = |A|e^*'' G 5'[0,(5) \ {0} there exist a unique G Fa such that 
|z*| = min^gr^ \A- Moreover, the following relations are valid (x* defined by z^, = z{x^:,X)): 

1. z/argA = 0, then 2;* = and a;* = \/~X, 
z/ arg AG (0,(5), then z, G ^[-f - |, -f + 

^. |2;(-,A)| is strictly decreasing on [0,x=k) and strictly increasing on (x=k,oo), 

3. ift = ^forxe [0, X,), i/ien arg {e^'^dr^{t)) G [-f , -f + f^9]. 

Proof. Let us prove uniqueness of 2;*. By ()A.4|) . it is sufficient to show that for each 
A there exists a unique solution t^: of (9r.|^(t)| = for t = re~*'^, r G For arg A = 
direct calculation gives z^, = and x* = -\/A. Next we show the existence of t^, in the case 
A= |A|e2^''G 5(0,(5) \{0}. 

Since ^(t) 7^ 0, we have 2dr\^(t)\ = |^(t)|~-'^Re (^^(t)^^^ . Let us use the representation 

(jXl]): t = re-^^ = 1 + r/e"*'^. For any t G 5[-f,0) Lemma (HEl implies arg^(t) G 
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- ]; similarly Lemma OE implies argf^lt) G [-f - f , -f - Thus 



arg9r|^(t)P e [-V2 + |, -V? + ^] and we have 

dr\^{t)\>0 foT-ipe 



71 'd 71 3'd 
2 ~ 2' 2 ~ T 



(A.5) 
(A.6) 



By (IA.5|1 and ()A.6j) . there exist at least one solution of dr\C,(t) \ = 0. Moreover, any solution 
satisfies 

7[ 3i) 71 

2 ' Y'~2~ 2_ 

Now we show the uniqueness of t^:. We need only verify that for any t, satisfying ()A.7|) . we 



(A.7) 



havei^leWP 



We have ^ 

or 



dm 

dr 



> 0. This is true if 



\drmf>\m\mit)\- 



-3ii9 r 



3 



= . Therefore ()A.8|) is equivalent to 



\{t'-i)-^it\>m\- 

Due to ()A.7|) . \t\ ^ 1. Therefore we have for t = 1 + rje''^'^ 



\t\ 



\t - l|2|t + 1|2 

i 



12 + ?7e' 



-l</3 I 



Thus using 2-& e (0, 6) C [0, | arccos ^) we obtain 



It' -11^ 



^ r/2 2 cos 



3^9 

|2 + r/e-*'^| ^ 2cos y. 



> 2?72. 



(AJ 



(A.9) 



(A.IO) 



(A.ll) 



Since G [0,S) C [0, |], ()A.7j) gives ?7 ^ 1. Thus we apply Lemma IV. 1131 . which gives 
277! ^ Substituting the last estimate in (jA.lljl yields ()A.9;i and ()A.8jl . Therefore 

there exist a unique solution of dr\^{t) \ = 0. Thus z^, = z{x*, A) for x=k = t*V^. 
^ and 121 Using ()A.7|) and Lemma f7. 1121 we obtain 

^ , , . 37r ll-i? 37r 3-!?, / » 

arge(t*) e [- Y - — ' " T^- ^^-^^^ 

By ()A.4|) . this proves^ Uniqueness of and the relation ()A.4|) prove EJ 



El By (|X75|l . for r < we have -vr ^ -(/? ^ -| 



Using Lemma [7. 1121 we obtain 



I ^ arg (e'^''9.e(t)) = arg (^e^V^^ ^1 - ^e-- j ^ ^ _ | ^ _^ + 



TT . 3?9 



Geometric considerations show that in terms of ()A.1|) 



sm ip 



. By (113) and 



LemmalHEl, for = 1 +r/*e-^<^* we have f - 1 ^ -^9 ^ f , so that = -^J^ ^ 
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Lemma 7.4. For each X = |A|e^*'' G S'[5, vr] \ {0} there exist a unique G Tx such that 
arg2;* = — |. Moreover, the following relations are valid (here x^, defined by z^, = z(a;*, A) ): 

1. z/x G [0,x*), i/ien argz(a;, A) < — |, 
if X G (x,, , oo) , then arg z{x,X) > | , 

2. \z{-,X)\ is strictly increasing on {x^:,oo), 

3. if t^ = then \tJ ^ uniformly in A. 

V A sill ^ 

Proof. By Lemma 17.1141 and ()A.4|) . Fa intersects the ray {z : arg^ = — |} at least 
once. By flA.4|) . the sector in z-plane S[—^ — £,—^ + £] for small e > corresponds to 
^[-f - 2^9 - f, -f - 2^9 - f ] in ^plane. By Lemma 17:^ , in this sector dr^{t) > 0. 
Therefore, by ()A.4|) . ^ arg2;(x, A) > for 2; G | — e, — | + e]. Hence z^ is unique and[T] 
holds. 

121 By ()A.4|) . for x G (x*,cxd) and t = ^ the hypothesis of Lemma 17.2151 is fulfilled. 
Therefore ^-R(^) > and \z{x, A)| is strictly increasing in x. 

El By (rO|) . we have arg^(t) = -f - 2^?. By Lemma 1710 . for = 1 + r^.e-^"^* we 
have V9^, — -i? G — |, ^]. Therefore using the relation r = in terms of ()A.1|) . we 

obtain \tj ^ -r^. ■ 

1*1^ sm ^ 

I — — ^— — - 

In the next Lemma we analyze the curves F^^ , defined in ()2.43|) . 
Lemma 7.5. Let A = lAje^*'' G C+ \ {0}. Then 

1. if^ = 0, i/ien Fa = [-Ai(f )i,cx)), 

ifO<^^^, then Fa C ^[-vr + 0), F^ C S[-7i + -f ], F+ C S[-f - |, 0), 

2 

^. inf^gr;, l-^l ^ lAlssin-i?, 

2 2 

<?. C {z : \z\ ^ C|A|3}, t/ie length o/F^ satisfies |F^| ^ C|A|3, 

^. the function \z{-,X)\ is strictly increasing on [a;*, 00). 

Proof m Direct calculation yields the result for = 0. For < ^9 ^ | the assertion on 
Fa follows from Lemma 17.1141 and z = Ai(|^)^. The assertion on F^ for ^ arg A ^ 5 
follows from ^ of the present Lemma and Lemma 17.3111 . For 6 ^ arg A ^ vr it follows from 
Lemma 17.4111 . 

121 follows from Lemma f7. 1131 and z = A3(|^)3. 

01 By Lemma 17. 3141 and Lemma l7.4l3l . |t*| ^ uniformly in A G C+\ {0}. Using the 
definition ()2.19j) we conclude that k{t) and k'{t) for t G [0,t*] are also uniformly bounded. 
Now the relations |F^| = |A|3 J^^^ ^ \k'{t)\\dt\ and |2;(a;, A)| = |A|3|/c(t)|, t = complete the 
proof. 

El We deduce from (jEl) that ^|;z(a; A)| > if <9,.|^(t)| > for t = re-'^ = ^. Thus 
for 6 ^ arg A ^ vr the result follows from Lemma 17.4121 . For ^ arg A ^ 5 it follows from 
Lemma [TSEl. ■ 
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Proof of Lemma 12.21 CaseH(or|2) follows from Lemma f7.3l for Lemma (7. 4|) . ■ 
Proof of LemmalO Fix A = \\\e^^^ . By (IXil) . we have h{x) = e^^^^W for t = ^ = re~'^. 
By Lemma 17.2121 . if either < arg A ^ tt, r ^ or arg A = 0, r > 1, then dr Re {X({t)) > 0. 
It remains to consider the case i) = and x G [0,a;*); by Lemma 17.2121 , Re^(t) = and 
therefore h = 1. M 

In order to prove Lemma 12.41 for a fixed A = |A|e^*'' G C \ {0} define the function 

3 

"^{z) = \E' maps Tx{zi,Z2) onto ■yx{ui,U2), Uj = "^{zj), j = 1,2. Similarly, we set 

7a(m) = ^(rA(^)) for u = "^(z) and 7^ = ^'(r^). We also set Uq = "^(zq) and = ^(z*). 
Consider the integral J f{v)\dv\. By ()A.4|) . we have the parametrization 7^! 



u 



t> G C : f 



vir) 



for r G [r„,oo], where 



vir] 



Consider the image of the part of F^, defined by the hypothesis a) and b) of Lemma [2.41 
under the mapping Assumption a) transforms into a') 6 ^ arg A ^ vr and u G 7a. 
Similarly, b) becomes b') ^ arg A ^ 5, m G 7^. Then by Lemma (7.2121 . Ref(r) is strictly 
increasing in r. Thus we choose the variable x = Ref and obtain 



l/(^)IM^^I= / |/(x + zlmt;(x))| 
Let us show that in both ') and b') the following estimate holds 



dv 



dx. 



dv 



1 + 



d Imf (x) 
dx 



Let us estimate 



dv I 
dx I 



\f{v)\\dv\^C 

7a (ti) JKeu 

In terms of the parametrization v{r 
dliav{x) drlm{e^'^i{t)) 



\f{x + i Imf (x))| dx. 

e'^^^^{re~' 
tanarg(9re^*'''^(t). 



(A.13) 



we have 



dx drRe{e^^^^{t)) 

Consider the two ') and b'). 

a') Let 6 ^ arg A ^ tt and u G 7a. For each point v{r) G 7a consider t 

— 

2 



re 



that f (r 

<5 



e'^''^^{t). By Lemma nan, argdr^{t) G 



such 

d,-2'd). Hence arga^e2^'^^(t) G 



f + ^,0) and 



dlmv{x) 



1 



sin{f) 



uniformly for b ^ arg A ^ tt. Therefore \^\ is also 



uniformly bounded. 

b') Let ^ arg A ^ 5 and u 



\E'(F^). For each point vir^ G 7;|" consider t 



re 



-i-d 



such that f(r) = e^*''^(t). Since ^ ^ y, ()A.12|) (equivalent to Lemma 17.3111 ) implies 
that — TT — 'd ^ aig^if). Therefore by Lemma [7.1151 . for 1; G 7;J" we have arg (e^*''5j.^(t)) G 

[-f + f,f]. Hence 



d Im v{>t) 
dx 



sin(f) 



and I ^ I is uniformly bounded. 



Thus I ^ I is uniformly bounded in both ') and b'), implying ()A.13|1 . 

Proof of Lemma 12.41 Firstly we prove ()2.44j) for the case 5 ^ arg A ^ tt. By Lemma 17.5121 
, we have dist(rA, {0}) >const uniformly in A. Thus we replace (■) by | ■ |. The change of 
variables v = '^{s) in ()2.44|1 results in the equivalent relation 



g-2|A|Rei) (J g-2|A|ReM 

\dv\ < 



2zt 



7a{") ^ 



(a+i) 



Al 



u 



(A. 14) 
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By ()A.13j) . we have the auxihary estimate 



7a(«) 



-2|A| Ren 

g-2|A|Re.|^^| ^ ^ — , MG7A. (A.15) 



\u\ 



We show that ()A.14|) follows from ()A.15|) . If m G 7^, then Lemma 17.5141 yields 
mill |f|. Therefore ()A.14|) follows from ()A.15|) . If m G 7^, then dist(7A, {0}) >const and 

we have 

r -2\X\Rev r 

/ —^-^\dv\^C e"'\'\''^^ \dv\, «G7a- (A.16) 

By Lemma I?. 5131 . 7^ is uniformly bounded. Therefore, |u| is bounded on 7^, so ()A.16|) 
and (IA.15jl imply (IA.14I1 . 

b) We prove ()2.44j) for the case z G F^. It suffices to show that for any 2; G we have 

\e-l'^ I \ds\ ^ C\e-I'^\, \z\ < 1; / ] ' \ds\ ^ C ^^ ' J , 1^1 > 1. (A.17) 

By the change of variable u = "^{z) the first estimate in ()A.17|1 follows from ()A.15|) . For the 
proof of the second estimate in ()A.17|) we observe that by Lemma 17. 5141 . for z G F^ we have 
1^1 = min |f |. Hence, ()A.17|1 follows from ()A.15j) . This proves ()2.44j) . 

Next we shall prove ()2.45j) . By the change of variable m = \E'(2;) we have 



where e = (||A|)~3 ^ C. 

Assume z G F^, < argA ^ vr. Set a = Keu and b = Imu. By Lemma 17.3111 , 
Lemma (7.3131 . Lemma f7. 1151 and definition of z^,, b ^0. By Lemma f7. 2121 . Imf is strictly 
decreasing on 7^, so that |6| = min | Imv |. Thus using ()A.13|) we obtain 



d>i 



I ^CJ, J 

la + |6|t + |x|t)" 

Consider two cases: a ^ and a < 0. Firstly, let a ^ 0. Then we have 

r dx _ _J 1 C 



2 ia§ (£:+|6|3+x)" a - 1 (e + |6|3 + a3)°-i (£:+|u|3)"-i 
Therefore 

/ C C 
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which together with ()A.18|) proves ()2.45p . Secondly, let a < 0. Again, by a; = xs, we obtain 

dx C 



X3 (e + |6| 3 + X3 



Due to Lemma f7. 3111 and Lemma f7.4lll . for u = a + ib E •y^ and a < we have \a\ ^ C\b\ 



uniformly in ^ argA ^ n. Therefore |m| ^ Cb and ^ 

/ . C 



^ ^5 ^ . Thus 

(e+|fe|^)"-i (e+|«|3)o.-i 



C 



which together with ()A.18|1 proves ()2.45p . 

3 

3 |A| 

\dv\ 



(A. 19) 



Assume z eT^^ and 6 ^ arg A ^ vr. Recall that 

\dv\ 



. We have I = I_ + I^, where 



/ r? 

J-yx{u,Ut) |f|3 



3(5 + |f |3)"' 



7a 



+ |f |3(e + |f |3)^ 



- 



By Lemma I?. 5121 . we have \z\ ^ sin | for z G F^, so \u\ ^ | (sin |) ^ for u G 7a- By 
Lemma (7.5131 . the length of the curve |7^| < C. Therefore /_ ^ C. By fjA.19|) for u = u^,, 
we have /+ ^ C so that I ^ C. Next, by Lemma f7. 5131 . 7^ is uniformly bounded, implying 



C ^ (e+\u\ 



-la 



and 



C 



c 



(A.20) 



which together with ()A.18|) proves ()2.45j) . ■ 

Proof of Lemma 12. 5L First we prove ()2.4fij) . By the change of variable u = "${2), we have 



\ds\ 

w 



2\ 



|A|^("-^)' 



\dv\ 



7^ \v\3{e + \v\3Y 



(A.21) 



where e = (||A|)~i ^ C. By Lemma 17.2121 . Imf is strictly decreasing on 7^. Thus we 
parameterize the last integral by x = Imf, so that v{x) = Ref (x) + ix- By Lemma (7.5131 . 
7^ C {m G C : 1^1 < c} for some c > independent of A. Therefore 



/ ^ 2 



dv 



dx 



dx 



where 

dRevjx) 



1 + 



d.Rev{x) 



X'-'ie + X-'Y 



. Recall that A = lAle^*'^ and t = re 



-i-d 



(A.22) 



In order to estimate 



we make use of the parametrization 
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7a(^) = ^ C : V = v{r) for r G [ru,oo], where v{r) = e^*''^(re ^'^),u = \I/(2;(rtjA/|A|, A))| 
Thus we have 

dAmie^^^m) =^"^"^g(^ 
By LemmaEnil, Lemma [HI] , (ITi^ and Lemma miKl . e^'^dr^{t) is in a sector isolated 



from the real axis uniformly in A. Therefore 



dRevjx) 



dx 



^ C and 



^ C. Substituting this 



estimate in ()A.21|) and making change of variable x = e '^x^e obtain 



C 



3 



dx 



1/1 2 , ; 

X3(l + X3j'^ 



(A.23) 



Recall that |A| ^ > 0. Then the proof of (jTlHIl follows from (|X:2T| and (|X23|l . 
Now we prove (j2.47j) . By the change of variable m = \E'(z), we have 

\dv\ 



\ds\ 




/_ 


+ /+ 




4 

3 + 


\s 


2 


A 


2 
3 



7Mii^i)^(i + (|i^i)^)^ 



(A.24) 



For /+ we use ()A.13|) . which gives 



dx 



X3 (1 + X3 



(A.25) 



In order to estimate J_ we use the parametrization of 7_;^ by x = Inif. Repeating the 
arguments used above for the proof of ()2.46|) . we conclude that 4^ ^ C and 

dx 



xKi + x-O 



^ c. 



(A.26) 



Now (IX25|l and (TOHIl give / ^ C, which by (1X24)) proves ()2.47j) . ■ 
Let P± be defined by dOZj)- 

Lemma 7.6. Let A = |A|e^*'^ G 5'[0,(5] and q,q' G L°°(]R). Then for some absolute constant 
C the following estimates are fulfilled: 



|P_(z,^,)| ^C|e-3 



klloo|A| 



z G r 



A ' 



|P+(^i,^2)| ^c|eH|- (ik'lloo + lkl 



IA|-6 . 



(A.27) 
(A.28) 



Proof. Let Xi ^ X2 ^ x^, ti^2 = and 2:1,2 = 2;(a;i,2,A) G T^. Let ^1,2 = ^{^1,2)- Then, 
Lemma ESEl yields |^i - ^2! ^ 2|6|. Lemma O gives \e'^^(i^-^^) - 1| < 2|A||^i - ^2! and 
|e2A(6-6) - II < C. Therefore 



1)/Aei| ^C(l + |A||ei 



(A.29) 
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Using Zi 2 = As (1^1,2)3 we obtain the following estimate uniformly in ^ arg A ^ 6: 



(A.30) 



Introduce the functions R±{s,z) = e 3* — e 3^ . Evidently dsR±{s,z) = ±2^/56 
Integrating by parts, we have 

P-{z^, z) = R-{z, z^)f{z) + 



R.{s, z,)f\s) ds, fis) = p{s)q{s)/i2V~sX"^). (A.31) 



Therefore using (jT^ . ^H^ . (0O0|l and \-fq{s)\ ^ C||g'||^|A|-i we obtain 



\P{z,z,)\^C^ 



e 3 



3 

25 I 



|A|i 



lAr^ik'iioo , lAi-i 



is) 



(A.32) 



which together with (j2.45flT^H|) gives ()A.27|) . Similarly we have 



P+{zi,Z2) = -R+{zi,Z2)f{zi) - / R+{s,Z2)f\s)ds. 

Jrxizi,z2) 



(A.33) 



Again using dOni), (ESDI), (!^^ and If g(s)| ^ C||g'||^|A|-i we have 



3 

^z^ I 
63 2 



\P{Z,,Z2)\^C^ 

|A|6 



(l + kal)^ 



r + 



|A|-^||g1U_^|A|-§ 



rx(zi,z2) 

which together with (jT^ . gives (fX^ . 



00 ^ Halloo 



\ds\ 



Lemma 7.7. Le^ q ^ B. Define F(z) = a'^(ze^^3' )Vq{z). Then uniformly in z E and 
A G (5, 6] the following estimates hold for sufficiently large \X\: 



eU-^-^^)F{s) ds 



^ C 



|A| 



1 ) 
3 



et^^F(s) ds 



Tx{z,z^) 



(A.34) 



Proof. We show the first estimate in (f04|l . Using (jT^ . and we obtain 
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^F{s)ds 



\\\r. 



(A.35) 



Using R-{s, z^) = e 



3 



3 — 6 3 



we integrate by parts the integral over Tx{z., z^). We have 
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3 
z^ 



'Vx{z,z*) 



R_{z,z,)^^ + 



R-(s,z,) [ ds 



(A.36) 
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Therefore, using Lemma O ^ C|A|-i ||g'||oo, (E^Hl), (ESHl), (ESHI), and 

lOOll . we obtain from (TOHl) 



I/I ^ 



-T + 



|A|-H||g-| 
(5) 



+ 



|A| 3||g| 

w 



\ds\ 



(A.37) 



+ |A|-6W(|A| + 1' 



By Lemma|2ini ^oi sufficiently large |A| this implies |/| ^ C|A| 3 ||g||g ^1 

Together with ()A.35j) this proves the first estimate in ()A.34jl . In order to prove the second 
estimate in ()A.34|) we use similar arguments with R^{s,z^ 



3 

4 5 

63"" — 63^* . 
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